Abstract. Recently, the q-Euler numbers and polynomials are constructed in [T. Kim, The modified q-Euler numbers and polynomials, Advanced Studies in Contemporary Mathematics, 16(2008), 161-170]. These q-Euler numbers and polynomials contain the interesting properties. In this paper we prove Von-Staudt Clausen's type theorem related to the q-Euler numbers. That is, we prove that the q-Euler numbers are p-adic integers. Finally, we give the proof of Kummer type congruences for the q-Euler numbers.
1
p . When one talks of q-extension, q is variously considered as an indeterminate, a complex q ∈ C, or a p-adic number q ∈ C p , see [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] . If q ∈ C, then we assume |q| < 1. If q ∈ C p , then we assume |1 − q| p < p where we use the technique method notation by replacing E n by E n (n ≥ 0), symbolically (see ). From this definition, we can derive the following relation.
E 0 = 1, and (E + 1)
n + E n = 2δ 0,n , where δ 0,n is Kronecker symbol. , see [5] [6] . In [5] , the q-Euler numbers are defined as (1) E 0,q = [2] q 2 , and (qE + 1) n + E n,q = [2] q δ 0,n , Key words and phrases. fermionic p-adic q-integral,Euler numbers, q-Volkenborn integral, Kummer congruence.
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Typeset by A M S-T E X with the usual convention of replacing E n by E n,q . Note that lim q→1 E n,q = E n . For a fixed positive integer d with (p, d) = 1, let
a + dpZ p , a + dp
where a ∈ Z lies in 0 ≤ a < dp N , (see [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] ). We say that f is a uniformly differentiable function at a point a ∈ Z p and denote this property by f ∈ U D(Z p ), if the
For f ∈ U D(Z p ), let us start with the expression
representing a q-analogue of Riemann sums for f , see [5, 6] . The integral of f on Z p will be defined as limit (n → ∞) of those sums, when it exists. The q-deformed
In the sense of fermionic, let us define the fermionic p-adic q-integral as
x , see [5] [6] [7] [8] [9] [10] .
From (3) we note that
In [5] , the Witt's type formula for the q-Euler numbers E n,q id given by
By comparing the coefficients on both sides in (5), we see that
By the definition of the fermionic p-adic q-integral on Z p , the q-Euler polynomials are also defined as
From (6) and (7), we note that
Let F q (t, x) be the generating function of the q-Euler polynomials. Then we have
Let χ be the Dirichlet's character with odd conductor d ∈ N. Then the generalized q-Euler numbers attached to χ are defined as
In this paper we prove the Von-Staudt-Clausen's type theorem related to the q-Euler numbers. That is, we prove that the q-Euler numbers are the p-adic integers. Finally, we give the proofs of the Kummer congruences for the q-Euler numbers. §2. q-Euler numbers and polynomials
From (1)and (6) we derive
Thus, we note that
Thus, we see that
From (12), we can derive
, we can derive (15)
Thus, we have
From (15) we note that (17)
By (17), we obtain (18)
From (16) and (19), we can also derive
Therefore we obtain the following theorem.
By (15), (16) and (20), we obtain the following corollary. 5
Corollary 2. For n ≥ 0, we have
For n ≥ 0, we note that
By (13) and Corollary 2, we obtain the following corollary.
Corollary 3. For n ≥ 0, we have
Let χ be the Dirichlet's character with odd conductor d(∈ N). Then the generalized q-Euler numbers attached to χ as follows.
We denoted = [d, p] the least common multiple of the conductor d of χ and p. From (21), we derive
By (22), we see that
Let w denote the Teichmüller character mod p. For x ∈ X * , we set < x >=< x : q >=
. Note that | < x > −1| p < p
where < x > s = exp(s log p < x >) for s ∈ Z p . For s ∈ Z p , we define the p-adic q-L-function related to E n,χ,q as follows.
It is easy to see that < x >
Therefore we obtain the following theorem. The Eq.(26) also seems to be the new interesting formula. As q → 1, we can also obtain E n,χ ≡ p−1 a=0 χ(a)(−1) a a n ( mod p ).
